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Section 1: Algebra
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Basic Rules for Manipulation:
To begin it’s important that you are 100% clear on the fundamentals of manipulation. You will have
seen these for years but even then you may not have understood them. They will be short and simple
but it’s important you are wholly certain of each step. We will cover:




Fraction below the line
Adding fractions
Manipulating Equations

Example: Fraction below the line
Simplify:


5x

{Take the fraction underneath the line and turn it upside down}
Multiply the new fraction by what
was on top of the line. Now you
have gotten rid of the fraction below
the line

=

Example: Adding Fractions

(3)(4)

{Take what is underneath the lines and multiply them by each other}
{Multiply each fraction by (3)(4) }

4 + 33 = 12x  37 = 12x

WARNING! Remember that if you multiply on
the left you must do the same to the right. So
(3)(4) are multiplied by the X as well. Don’t
forget. And if there was a fraction on the other
side of the equation I would take what is below
the line there as well.

Important Formula: This Formula works for adding fractions::

WARNING! Not in the table book, but you don’t need to learn it
really, just know how to apply it.
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Example: Manipulating Equations
Simplify

3

3

3x  1
 y , express x in terms of y.
2x  1

3x  1
y
2x  1
1

 3x  1  3

 y
 2x  1 
3

1


3
3
x

1



   y 3
 

 2 x  1  


3x  1

 y3
2x  1
 3 x  1  y 3  2 x  1

cube both sides

multiply across by base

 3 x  1  2 xy 3  y 3
 3 x  2 xy 3  1  y 3

rearrange so that all x's on left

 x 3  2 y3   1  y3

factorise

x

1  y3
3  2 y3

This is a skill which it is vital that you learn. Adjusting the formula/equation to suit your purpose is
something you will be required to do again and again. The key focus is to make sure that whatever
you do to one side you do to the other.
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Simultaneous Equations
There are three different types of Simultaneous equations that you may face in the exam:




Two variables (x and y)
Three variable (x, y and z)
A Quadratic and a Linear (

Example: Two Variables
Solve for x and y:
x + 5y = 23
2x – y = 2
x + 5y = 23 Multiply by 2  2x + 10y = 46
2x – y = 2
2x 10y =

{So the numbers in front of x are the same}

WARNING! Ensure all signs are
changed when taking away. Simple
Slip!

46

x + 5(4) = 23 ==> x + 20 = 23

{Sub your y value into an original equation}

==> x = 3
2(3)

 2 = 2. Correct!

CHECK STEP: Sub your x and y
value into the second equation to
ensure you are correct

x = 3, y = 4

Example: Two Variables Alternative Method
Solve for x and y:
x + 5y = 23
2x – y = 2
x + 5y = 23  x = 23

{Isolate x}

2(23 – 5y) y = 2

{Sub your value for x into the second equation}

46 – 10y – y = 2  11y = 44  y = 4
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When you get your y value, simply follow the steps as the previous method.

Example: Three Variables
Solve these simultaneous equations:
x
x+y

=

4x + y

=7

x

{Take 2 equations and remove one variable from them}

x+y

=

2x
4x + y

Remove the same variable from one
of the same equations and the other
you didn’t use.

=7

x
5x

z =7

2x
5x

z =7

==>5x – z = 7 ==> 10x

= 14 ==>

10x + 2z =

{Adjust so a variable will cancel}

2x
10x

2z =
=

2x
x

==>
 2(2)
 (2)

CHECK STEP: As before, simply

 z = 3 sub all these values into one of the
other equations you were given. If
 5 – y =0  5 = y that works then all are correct.

Example: A Quadratic and a Linear (
Leaving Cert 2009, Q2 (a) Solve the simultaneous equations

==>
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==>

= 0 {Sub your value into the other equation}

==>

==>
==> y =

{Use your x value to find y}

Simplifying: Surds and Modulus
Surds:
A surd is a number with a square root. So
is a surd. Questions on surds can feature regularly and
it’s important that you understand how to deal with them. There are two types of Surd Questions:



Surd underneath the line
Squaring a surd

Example: Surd underneath the Line
Simplify

to the form a + b



The Conjugate is a fancy term for a
simple action. Just change the sign
between the two numbers from + to
(vice versa)

{Find the Conjugate of the surd underneath the line}
{Multiply the original sum by the Conjugate divided by the conjugate}

{Multiply out. The surd underneath will disappear}
{Split the fraction so it looks as requested: a + b

}

WARNING! This question can get more complicated if
there is a surd on top and below the line (E.g.

.) If this

Example: Squaring
happens it will change nothing. Just get your Conjugate
from below the line as usual!

Solve

{Bring the surds to opposite sides of the equation}
{Square them}
=
==>
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==>

(

{Square again}

{Factorise}

==>

==> 3 +2 = 5
==>

==> 17 +12

5

Therefore, x = 5
Modulus:
Here’s what a Modulus looks like: |x + 3|. Those bars along the side are the modulus and what they
basically mean is change to a positive value. So if x were to be
, then |
but as this
| = 2. If the value is already positive then it doesn’t change anything so |2| = 2.

is the modulus |

Example: Modulus
Solve | x + 4 |
|x+4|<1

1<0
{Isolate the modulus on one side of the equation}

| x + 4 |2 < 12
X2 + 8x + 16 < 1 ==>X2 + 8x + 15 < 0
( x + 5 )( x + 3) < 0

{Bring everything to one side again}

==> x = 5 and x = 3

Draw a graph, making the x-axis where x equals your values
--2

As you can see from the graph there are three sections; greater than
and less than

|
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{Sub in a value greater than


+ 4| < 1

and

. Check all of these individually.

| x + 4| < 1 
==>

in between

. Not true! As 1 is less than 2
{Sub in a value between
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==>
|



+ 4| < 1 

ANS =

True!



<X<

.

True! {Sub in a value less than

}

{Only works for were the above gave a true answer}

Example Modulus Alternative Method
There is another way to deal with the modulus sign but you need to be careful to ensure that you do it
right.

Solve | x + 4 |
|x+4|<

1<0

1

==>

{Isolate the Modulus}

{Separate these inequalities. And solve for x}

==>
{Combine them again for your final answer}
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Alpha and Beta:
Alpha and Beta are Greek letters which are:

. In the Maths exam you will be using them to

answer questions which hinge around the concept of roots. Therefore your knowledge of roots can be
very beneficial here. There are three types of questions you can face:




Manipulation
Forming a Quadratic
Difference in Roots

Example: Alpha and Beta Manipulation



WARNING! These aren’t in the table book. Learn them!
Your goal in these questions is to manipulate an equation so that you can put it in terms of the two
things you do know; That is what
.
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Question:

15 and

=

+2

=(

+2

=(

{State the basic information using the formulae}

=(

{Adjust this formula to suit your question}
= 64 – 30 = 34 {Sub in the values from the first step}

=(

Notice above my objective is to get an obscure equation down to a combination of the two answers I
know:
The most important step in that formula is the second step, finding a formula
with

in it. These are difficult to come up with off the top of your head. However, there are

some classic ones which are likely and can work like keys for answering all these equations:


α2 β + α β2=



α2 + β2= (α + β)2 – 2



α3 + β3= (α + β)( α2 – αβ + β2) = (α + β)( α2 + β2– αβ)



=



LEARN!

Example: Forming a Quadratic Equation

Not in the table book!
Leaving Cert 2007, Q2 b (ii)

and

are the roots of the equation

− 4x + 6 = 0.

Find the quadratic equation whose roots are and

= 6,
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{Work out the

equations so they are a combination of

==>

.

Example: Difference in Roots
Leaving Cert 2009, Q2 c (i) One of the roots of
Express r in terms of p, q and n.

Remember that

}

+ qx + r = 0 is n times the other root.

are really roots themselves. So what you have been told in the question is that

n

times the other root (
=
==> n

{Use the basic

formula. Then sub in our new value for =

=

=

{Isolate
{Repear for

==> n

+

on its own}
Getting

on its own.

=

==>
==>

}

=
=

{Get

=

==>
=

==>

on its own}

=

{Square the

{Put my two
=

value so it is

, like the other one}

values equal to each other}

{Look at what you have been asked for: Get r in terms of p, q and n}

==> r =
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Roots of a Quadratic Equation
There are two elements to a question on the roots of a Quadratic Equation:



Determining the Nature of the Roots
Drawing the graph

Example: Determining the Nature of the Roots

Mocks.ie
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3) Maths
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Question 1: Leaving Cert 2009, Q2 b(ii) The equation kx2 +(1− k )x + k = 0 has equal real roots.

Find the possible values of k.
As it has equal real roots, b2 – 4ac = 0

==>

{State the formula that applies}

{Sub into the formula}
{Factorise}

k=

{Find the roots which give you your values for k}

Question 2: Leaving Cert 2010, Q1 b Given that p is a real number, prove that the equation
x2 – 4px – x + 2p = 0 has real roots.
x2 – 4px – x + 2p = 0
==> x2 +x( 4p – 1) + 2p = 0
(
==>

– 4(1)(2p)

0

{Adjust the equation so you can clearly see your a, b and c}

{If b2 – 4ac

0 its root will be real}

Real Roots

Why was that positive?
As
, so the smallest value
, and 1 will remain the same. So 0 +1 0. Which is
true. In the exam completing step 3 and saying that there were real roots would have got you full
marks. But this final step is important for some (c) parts so try and understand it. As 1 is always
positive, the only way the total sum
could be negative (
would be if
was
negative. But the smallest value
because it is multiplied by a positive number and
. So the total sum must be positive.

Nature of Roots on a Graph
There are three types of graphs which distinguish the nature of the roots. They are very
straightforward if you learn them.
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Imaginary Roots: b2 – 4ac ≤ 0 Equal Real Roots: b2 – 4ac = 0

Distinct Real Roots:b2 – 4ac ≥ 0

To draw these you need to understand a few key points on roots and graphs:
 A root on a graph: As we know a root is basically what x equals. This translates on a graph
to wherever a curve cuts the x-axis
 Image 1, Imaginary Roots: Here the curve does not cut the x-axis (Image 1). So its roots
don’t really exist.
 Image 2, Equal Real Roots: A Quadratic must have 2 roots. However, in this case they are
the same. This is because for Image 2 the curve only cuts the graph in 1 place. So there is
only one value for x. It doesn’t go below the x-axis as if it were to it would have to come up
in at a different value for x and therefore have two different roots.
 Image 3, Distinct Real Roots: There roots are distinct as in they are different. It crosses the
x-axis twice dipping below it and then back up. This is because are two (different) values for
x.
Leaving Cert 2009, b (i): You were given three graphs (just like above) and asked to identify what
type of roots they had.
If you are ever required to draw a graph of a function or equation then do the following:
1) Find out what is the nature of its roots. Are they not real, equal and real, or two different real
roots.
2) Find out the roots if possible. As in find out what x equals.
3) Draw a graph and mark the points which x equals on the x – axis.
4) Draw a graph like the one above ensuring that it crosses or does not cross the x- axis where
you have marked.

Factors and Roots
In this section we will deal with perhaps the central concept of Algebra factors and roots. Your
knowledge of these will ultimately decide your result in these questions. We will explain:
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Factor Theorem
Finding the roots of a Cubic Equation
Expressing variables in terms of other variables

The Factor Theorem:
There will be no proof of the factor theorem given as there are many available our focus will be on
understanding the theorem and what it means for factors and roots.
Factor theorem:  x  k  is a factor of the polynomial

f  x  if and only if f  k   0
We gain two central facts from the above statement:
Factors and Roots: A factor is (x –k). Root is x = k. One is just a step away from the other which
naturally means that if I know a factor I can get a root and vice versa.
Roots: If I know the root of an equation then if I sub this value in the equation will equal 0.

Example: Finding the roots of a Cubic
To complete this question you will need two more facts:
Factor: The highest power of x decides how many factors are there. A Quadratic (
and a Cubic whose highest power of x, is

has 2

has 3 factors.

Factor: If we divide a factor of an equation into that equation there will be no remainder.
Roots: The roots of a cubic/quadratic equation will be a factor of the final term, the number
without an x.
Leaving Certificate 2005, Q2 (b) The cubic equation
root and two irrational roots. Express the irrational roots in simplest surd form.

Roots can be 1,

, 3,

has one integer

{The root must be a factor of the term without an x}
{Trial and error, check which equals 0}

Therefore x =

Mocks.ie
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As we have divided by a factor, the result is the remaining factors. As it is a cubic, the result is the
remaining two factors as a Quadratic.
{Use the

formula to solve this equation}

==>
==>x =
x = 3, x =

x=

Example: Expressing variables in terms of other variables
Leaving Certificate 2010, Q1, c(i, ii): (x – 2) and (x + 1) are factors of x3 + bx2 +cx + d. Express c
in terms of b. Express d in terms of b.

{Multiply the two factors}
WARNING: Make sure you state
that as you divided by a factor the
two equations equal each other as the
remainder equals 0.

and d = 2(b + 1)STEP FOUR: Equate the coefficients. As in, put
anything multiplied by an x equal to anything else multiplied by an x. etc.

Quadratics: All of the above will also work for Quadratic Equations but they will be much shorter as
you will have one less root.
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Algebra Proofs:
There are some (c) parts where you are required to prove that a statement is true. These are all
different but there are a number of fundamental things which should push you in the right direction.
These are:




Key Terms
Important Formulae
Squared Numbers

Key Terms:
In these questions you are given very little information so it is important that you make the most of all
the information you are given. There are some key terms which feature which will allow you to do
this.
Real Number: Real numbers are simply numbers that are not imaginary. (For an explanation of
imaginary numbers review Complex Numbers). However what this basically means is that it can
either be positive, negative or 0. It is given the symbol .
Non-Zero Number: This term is quite obvious but it simply means that the number does not equal 0.
It can however be anything else
Integer: An integer can be positive, negative or 0. However what it cannot be is a fraction or a
number with decimals. It must be whole numbers. It is given the symbol
Natural Numbers: Natural numbers are numbers which are positive only. They must be whole
numbers. 0 is NOT a natural number. A good way to think of these is that they are just the natural
way of counting things, like a child would do with their hands, in that way they are natural. It is given
the symbol .
Element of: This has the symbol:

Basically, it is a piece of mathematical notation that tells you

that a number is an element of a type of numbers. So for example, 8
simple means that ‘8 is an
element of the Natural Numbers’ or even simpler, that 8 is a Natural Number.
Constant: A constant is simply a normal number in the most obvious sense. When we are doing
algebra we are calling x a variable when it can vary in the sum. However if, for example, k was in the
sum and it was called a constant it would have a constant value. We don’t know what the value is but
we know that it doesn’t change.
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Important Formulae:
When dealing with these questions keep these equations in your head. When you see the statement,
ask if it resembles any of these. If it looks similar then you may need to put in a little work to get them
like these. You should be able to go from right to left and left to right in these equations.







WARNING! Not in the table book
Squaring Numbers:
The first set of equations above is probably most important. As squaring a number has a vital
property.

(Any Real Number)2 ≥ 0
(Any Real Number)2 ≤ 0
Remember a Real Number, can be both positive and negative.
Quite often in a sum you will be looking to use the two formulae:
 (x + y)2= x2 + 2xy + y2
(x – y)2= x2 – 2xy + y2
Top Tip: If the statement has a less-than-or-equal-to sign in it

this should be the first thing you

look for.

Leaving Cert 2010, Q2 c(i) Prove that for all real numbers a and b,



Bring everything to one side
Turn this into a square from the formula

This is true as (Any
Mocks.ie
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